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Abstract 

Through the analyses of volume- forms in differ entiable manifolds, it is shown that 
the usual way of defining minimal action principles for field theory on curved space- 
times is not appropriate on non-riemannian manifolds. An alternative approach, 
based in a new volume-form, is proposed and confronted with the standard one. 
The new volume element is explicitly used in the study of Einstein-Cartan theory 
of gravity and its relation to string theory, in connection with some recent results 
on the subject. 
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1 Introduction 



This work discusses the problem of volume definition in differentiable man- 
ifolds and its relation with minimal action principles. Action principles are 
the starting point for several models in Physics, and they usually are for- 
mulated in non-euclidean (non-minkowskian) manifolds. In all these mod- 
els, lagrangians are integrated over the manifold, and under the variational 
principle hypothesis the dynamical equations are gotten. Whenever such 
lagrangians are scalars, they are integrated by using a covariant volume ele- 
ments so that in a given coordinate system one has 



Usually, the quantity y\g\ is introduced with the argument that it makes the 
euclidean volume element dP'x covariant. Typically, the cases where gravita- 
tion is incorporated into field theory are described by actions of the type (|l|). 
In these cases, space-time can be assumed to be non-riemannian manifolds, 
as for example in the Einstein-Cartan theory of gravity 

It will be shown that, for affine manifolds, there are natural compatibility 
conditions that a volume element should obey. These conditions will be used 
in order to construct compatible volume elements for general affine manifolds, 
and as one of their consequences, one will have that for non-riemannian 
manifolds the usual volume element (|I|) is not the more appropriate one. This 
is a very important point, since (|l|) is adopted for non-riemannian manifolds 



Compatible volume elements demand some restrictions on the non-rie- 
mannian structure of the manifold, or in other words, general affine manifolds 
may not admit compatible volume elements. In these cases, it is not clear how 




(1) 




as well. 
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to choose a volume element and consequently, how to define action principles 
for field theory. 

In this work, Ai is an n-dimensional C°° differentiable oriented manifold, 
and Q"^{/iA) the space of differential m- forms on it. Ad is called an affine 
manifold if it is endowed with a linear connection F^^, which is used to define 
the covariant derivative of tensor valued differential forms 

Dn^ = dn^ + u;;^ AH^-w^ An;^ -zi;wAn^, (2) 

where cup = V^/^dx^, u = T'^^dx'^, and w is the weight of 11^. Of course, (|^) 
can be extended for tensor valued forms of any rank. Considering a {p, q) 
relative tensor of weight w, ^[^^ as p x g differential 0-forms one gets 
from (§) the usual formula for the covariant derivative of relative tensors: 

DA^^] = {d.aI";]) dx^ = (3) 

(PI \ 
i=l j=l I 

We will assume also that a metric tensor (/o/3 is defined on M. so that 

d-s^ = Qapdx^'dx^. (4) 
The anti-symmetrical part of the affine connection 

defines a new tensor, the torsion tensor 5'^^'^. It is well known that the 
independent components of the affine connection can be written as function 
of the metric @, the torsion (^, and the non-metricity tensor, defined by 

Na^-y = D^gp^. (6) 
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The expression for the connection as a function of such quantities is 

= {^7} - K,,"- + v%, (7) 

where |^^| are the Christoffel symbols, K^^^ is the contorsion tensor, 
and Va/3-y is given by: 

For simphcity, the traces of S^^^ and V^^^ will be denoted by S"^ and 
respectively, 

C —CP 

V, = V;/. (10) 

An affine manifold Ai is called a Riemann-Cartan manifold if N^is^ = 0, 
and a riemannian one if Nap^y = and Sap^y = 0. In all these cases, the 
connection is said to be metric-compatible. 

2 Volume- forms in Affine Manifolds 

In this section, it will be introduced the notion of compatible volume-form, 
and it will be derived the necessary conditions that an affine manifold must 
obey in order to be possible the definition of a compatible volume element 
on it. 

Definition 1. A volume-form on Ai is a nowhere vanishing n-form v e 

n-{M). i 
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A volume-form, in general, can be constructed by using n linearly inde- 
pendent 1-forms (^^ A ... A 6*" 7^ 0) and non- vanishing 0-forms, 

V = A ... A6''^, (11) 

We will assume that / is a positive non-vanishing C°° scalar function. The 
volume-form ([TT| ) defines a volume element on A^. If {^*} is assumed to 
be an orthonormal set of 1-forms, one has the following expression for the 
volume-form in general coordinates {x*} 

v = f{x)^\dx^ ^...^dx'^, (12) 

as one can check using that if A is the change of basis matrix (6** = Ajdx^), 
then V = f{x) det{A)dx^ A ... A dx'"-. The determinant det(A) can be obtained 
by using the transformation properties of the metric tensor, and that {9^} is 
orthonormal. 

Using ([l2|) we have for the total volume of the manifold 

Jv = J f{x)^\dx^dx\..dx'' = J dvol (13) 

The usual volume element for riemannian space-times is obtained by choosing 
fix) = 1. 

In an affine manifold, one can require certain compatibility conditions 
between the affine connection and the volume-form. For a differentiable 
manifold with volume- form v, one usually defines the divergence of a vector 
field A, div A, by § 

(div A)v = £^v, (14) 

where £^ is the Lie derivative along the direction A. However, if the manifold 
is endowed with an affine connection, we can define the divergence of a vector 
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field in a very natural way by using the covariant derivative, 



(15) 



One can use (|T^ and ([T5|) to define a criterion of compatibility between the 
affine connection and the volume-form. 

Definition 2. A volume-form v is compatible with the affine connection if 



[D.A^v, 



(16) 



for any vector field A. 

One can check that the riemaniann volume- form u> = ^J\g\dx^ A ... A dx" 
and the Christoffel symbols are compatible. It can be inferred also that the 
volume-form u is not compatible with the connection for a Riemann-Cartan 
manifold, 

£^u; = {D^A^' - 2S^A^') u ^ {D^A^')uo. (17) 

The incompatibility of the usual volume-form and the connection for non- 
riemannian manifolds introduces a new question: Is it possible to define a 
volume-form compatible with the connection for non-riemannian manifolds? 
The answer is that sometimes it is, as we will see. 

Proposition 1. An affine manifold admits a volume-form compatible with 
the connection only if the form {Vp + 2S[^)dx^ is exact. 
Proof: In an affine manifold with volume-form v one has 



£^v 



dx^ A ... A c/x", 



A''D,[f{x)^\g\)+f{x)^\g\D,A^ 

and in order to get (|1^) for arbitrary A^^ one needs 

D,{fix)^\) = ^\djix) + fix)d,^\-{l}fix)^\g 
- {V^ + 2S,)f{x)J\^\ = 0, 



(18) 



(19) 



which leads to d^\nf{x) = + 2S^, or equivalently 

V^dxf" + 2S^dx^' = d\nf{x), (20) 

where d stands to exterior derivative.a 

From ( pO|) the 1-form in question is closed as consequence of Poincare's 
lemma. If the form (V^ + 2Sp)dx^ is not closed, the afiine manifold does not 
admit a compatible volume-form. A connection compatible volume-form in 
an affine manifold will be given by 



V = e 



g\dx^ A ... Adx"", (21) 



where dfj^Q = + ^V^, and we also have that 



TP,, = d,\n[e'^^\g\j. (22) 

Proposition 2. // an affine manifold is endowed with a volume-form com- 
patible with the connection, one has the following generalized Gauss formula 

f D^A^dfi= f A^dE^, (23) 

JM JdM 

where rfS^ is the compatible surface element, given by: 



(n — 1)! 



Proof: By choosing a form cu = ^^^zj^^aia2...a„A°''^dx°'^ A ... A dx"", using 
2f) and Stokes' theorem 

' du= [ u, (25) 

M JdM 

one gets (E3).b 
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For riemannian manifolds, the connection compatible volume-form can 
be obtained by using the Hodge (*) operator. The (*) is a linear operator 

* ■.n"'{M) ^n''-"'{M), (26) 

which for a Riemannian manifold has the following action on a basis vector 

of n"\M) 



(dx"^ A(jx°^ A-.-Ac^x"") = , ^ \. £°^-% « c/x^-'+i A...A(ix^", (27) 

^ ^ (n-m)\ Prn + l-Pn V ^ 



where is the totally anti-symmetrical symbol, and f3„ is 



constructed by using the metric tensor. The action of ( P7| ) on the basis 
vector of gives 



\9\ I 

£ai...a„c?a;°^ A ... A rfx"" = •y/|^|fi"x, (28) 

which is the compatible volume element for a Riemannian manifold. 
Proposition 3. // an affine manifold M. admits a connection compatible 
volume-form, it can he obtained using the modified Hodge (*) operator given 
by 

*(dx''' Adx"^ A-.-Adx""-) = g dx'^"^+' A...Adx'^-. (29) 

Proof: It is clear that the action of (|29|) in the basis vector for 
gives: 

*l = ^^Ea^.^ajx"' A ... A rfx"" = 6^® | rf^X, (30) 



which is the compatible volume-form.i 
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3 Physical Applications 



In this section, the results of Sect. |^ will be used in the study of Einstein- 



Cartan theory of gravity and its relation with string theory. 

In the Einstein-Cartan theory of gravity, the space-time is assumed to be 
a Riemann-Cartan manifold. It is in accordance with the experimental data 
and it has also theoretical importance, since it is the theory that arises from 
the local gauge theory for the Poincare's group The dynamical equations 
for such theory are gotten via a minimal action principle of the type (|l]), and 
the lagrangians for external fields are usually obtained from the minkowskian 
ones by minimal coupling procedure. 

We propose that, instead of (|T]), the action formulation for Einstein- 
Cartan theory shall use the compatible volume element of section ^. Of 
course the restriction that the space-time manifold admits such volume ele- 
ment (Proposition 1) is implicit. The dynamical equations will be different 
from the usual ones, and probably a final answer on which is more appropri- 
ate can be given only by experimental facts. However, there are theoretical 
evidences on behalf of the new action, and they will be pointed out in this 
section. 

According to our hypothesis, the Einstein-Cartan gravity equations shall 
be obtained from a Hilbert-Einstein action using the compatible volume el- 
ement, 



of curvature of the Riemann-Cartan manifold, calculated by the contraction 



S 




gd^x {R + Ad^ed^'e - K^paK'^'f) + surf, terms. 



(31) 



where the generalized Gauss' formula ( P^D was used. In (PT|), TZ is the scalar 
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of the curvature tensor obtained using the full connection, and R is the 
usual riemannian scalar of curvature, calculated from the Christoffel symbols. 
The following conventions are adopted: sign((7^,^) = (+,—,—...), -R^^,^ = 
daT^., + r^pF^^ - (a ^ z/), and R,, = R^,^. 

The similarity between (^TJ) and the action for the dilaton gravity]^, 
is surprising. The "torsion potential" G can be identified with the dilaton 
field, and (|3l|) can provide a geometrical interpretation for the dilaton gravity 
[|]. Another feature of the proposed action is that, due to the peculiar 9- 
dependence of the action (|3lD , the trace of the torsion tensor can propagate, 
i.e. it can exist non- vanishing solutions for torsion in the vacuum. The 
torsion mediated interactions are not of contact type anymore. The traceless 
part of the torsion tensor will be zero in the vacuum, as in the usual Einstein- 
Cartan theory. 

Another problem that can be analyzed with the results of Sect. ^ is the 
description of Maxwell fields on Riemann-Cartan space-times. In order to 
study Maxwell's equations in a metric differentiable manifold, we introduce 
a fundamental quantity, the (local) electromagnetic potential 1-form 

A = A^dx'', (32) 

and from the potential 1-form we can define the Faraday's 2-form 

F = dA = ^F^p dx" A dx^, (33) 

where Fap = daAp — dpAa is the usual electromagnetic tensor. 

The homogenous Maxwell's equations arise naturally due to the definition 
( |33D as a consequence of Poincare's lemma 

dF = d{dA) = ^d^Fa,p dx'^ A dx" A dx'^ = 0, (34) 
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and in terms of components we have 



= 0, (35) 

where [ j means antisymmetrization. 

The non-homogenous equations in Minkowski space-time are given by 

d*F = 4tt*J, (36) 

where J = Jadx" is the current 1-form, and (*) is the Hodge operator in 
Minkowski space-time. *J and *F are given by: 

*J = ^EapysJ^dx'^ Adx^ Adx^, (37) 
*F = ^e^p^sF^^ dx" A dxf^ . (38) 



By an accurate analysis of (|36D , one can see that it is not general covariant 
in a curved space-time, because of *F is not a scalar 2-form, but it is a relative 
scalar 2-form with weight —1, due to the anti-symmetrical symbol. Now we 
assume that the manifold is endowed with a connection to use it in order 
to cast (0) in a covariant way. This is done by substituting the exterior 
derivative by the covariant one 

d*F ^V*F=^ [do.*Fp, + T;^*Fp,) dx'' A dx" A dx^ , (39) 

where is the generalized Kronecker delta. The covariant exterior deriva- 
tive in (^) takes into account that *Fa/3 = ^Sa/S'ysF^^ is a relative (0,2) 
tensor with weight —1. One can check that V*F is a relative scalar 3-form 
with weight —1. We have then the following covariant generalization of (^) 

V*F = An*J. (40) 
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Equations p^ ) are already in a general covariant form in any differentiable 
manifold. 

Taking the covariant exterior derivative in both sides of (^) we get 

inVV = ^ (dxTp) *F,JX1 dx'^ A dx^ A dx'' A dx\ (41) 



^1 \^'^A-'- p^j ^ fuj^a/SyS 

and to have a generalized conservation condition for the current we need that 

dxT';, - 9,r^, = 0, (42) 

which has locally as general solution: 

T',, = d,fix). (43) 

Using that jj^^j = ^f^\n^/^, equation ( |43D will have general solution only 
if the trace of the torsion tensor is derivable from a scalar potential, or, 
that is equivalent, that the space-time admits a compatible volume-form 
(Proposition 1). In this case f{x) = In (^e^^y/—g^ . 

One can ask now if it is possible to obtain the non-homogeneous equations 
( ^OD from an action principle. We know that in Minkowski space-time, the 
non-homogeneous equations are gotten from the following action 

S = - J (^47r*J AA+^F A*Fy (44) 

The action (^^ can be cast in a covariant way by using the modified Hodge 
(*) operator (Proposition 3). In this case one gets the following coordinate 
expression for the generally covariant generalization of (0) 

S = I d^xe^^y/^ (^-^F^/jF"^ + 47rJ"A„) . (45) 



It is easy to check that we can obtain equations (^) from the action 
Under (^3D, the covariant equation (|iO| ) can be obtained directly from (^) 
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by using the modified Hodge operator. We can check also that equations 
(|35D and (|40| ) are invariant under the usual U{1) gauge transformation 

Af,-^A^ + d^^. (46) 

We would like to stress the importance of the generalized conservation con- 
dition to guarantee the gauge invariance of the action (^51). 

The use of the compatible volume element have brought two main mod- 
ifications to the problem of Maxwell fields on Riemann-Cartan space-times. 
First, it is clear from (^) that gauge fields can interact with torsion without 
destroying gauge invariance, and second, there is no difference if one starts 
from the action formulation or from the equations of motion. It is important 
to stress also that the necessary condition to a Riemann-Cartan manifold 
admit a compatible volume element arises as an "integrability" condition for 
Maxwell's equations on Riemann-Cartan manifolds. 

4 Final Remarks 

The consequences of using compatible volume elements for minimal action 
principles for field theory is now under investigation. For the Einstein-Cartan 
theory, it is already known that the new volume element will modify the 
dynamical equations for the space-time geometry. Propagation of torsion will 
be possible, and not only fermion fields will interact with the non-riemannian 
structure of space-time. The theory become more consistent, since we get 
the same results starting from the action formulation or from the equations 
of motion. It is very interesting that the necessary condition of Proposition 
2 arises as integrability condition for the matter field equations in Riemann- 
Cartan space-times|^,^. The compatible volume element may also provide 
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a geometrical interpretation for the dilaton gravity, which comes from string 
theory. 
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